The eigenvalue problem for second-order ordinary differential equation (SOODE) in a finite interval with the boundary conditions of the first, second and third kind is formulated. A computational scheme of the finite element method (FEM) is presented that allows the solution of the eigenvalue problem for a SOODE with the known potential function using the programs ODPEVP and KANTBP 4M that implement FEM in the Fortran and Maple, respectively. Numerical analysis of the solution using the KANTBP 4M program is performed for the SOODE exactly solvable eigenvalue problem. The discrete energy eigenvalues and eigenfunctions are analyzed for vibrational-rotational states of the diatomic beryllium molecule solving the eigenvalue problem for the SOODE numerically with the table-valued potential function approximated by interpolation Lagrange and Hermite polynomials and its asymptotic expansion for large values of the independent variable specified as Fortran function. The efficacy of the programs is demonstrated by the calculations of twelve eigenenergies of vibrational bound states with the required accuracy, in comparison with those known from literature, and the vibrational-rotational spectrum of the diatomic beryllium molecule.
INTRODUCTION
The study of mathematical models, describing waveguide problems, spectral and optical properties of diatomic molecular systems, reduces to the solution of a boundary-value problem (BVP) for an elliptic equation of the Schrödinger type.
1, 2 After the separation of angular variables, this equation reduces to a second order ordinary differential equation (SOODE) with variable coefficients and the independent variable belonging to the semiaxis r ∈ (0, +∞). In this equation the potential function is numerically tabulated on a non-uniform grid in a finite interval of the independent variable values.
3-5
To formulate the BVP on the semiaxis, the potential function should be continued beyond the finite interval using the additional information about the interaction of atoms comprising the diatomic molecule at large distances between them. The leading term of the potential function at large distances is given by the van der Waals interaction, inversely proportional to the sixth power of the independent variable (internuclear distance) with the constant, determined from theory and experimental data. Therefore, it is necessary to make an appropriate approximation of the tabulated potential function and to match the asymptotic expansion of the potential function with its tabulated numerical values (within the accuracy of their calculation) at a suitable sufficiently large value of the independent variable.
The present paper is devoted to the development of technique for solving the above class of eigenvalue problems with SOODE using the programs ODPEVP 9 and KANTBP 4M 10 implementing FEM 11 in Fortran and Maple, respectively. The technique is applied to the calculation of rotational-vibrational energy spectrum of diatomic berillium molecule.
SETTING OF THE PROBLEM
The mathematical model describing the spectral and optical characteristics of molecular systems is formulated as a BVP for the SOODE for the unknown function Φ(r) of the independent variable r ∈ Ω[r min , r max ]:
Here V (r) is a real-valued function from the Sobolev space H s≥1 2
(Ω), providing the existence of nontrivial solutions obeying the boundary conditions (BCs) of the first (I) (Dirichlet), second (II) (Neumann), or third (III) kind at the boundary points of the interval r ∈ [r min , r max ] with given R(z t ):
The calculation of the approximate solution Φ(r)∈H s≥1 2
(Ω) of the BVP (1)- (2) is executed by means of the FEM using the symmetric quadratic functional
For the bound-state problem the set of M eigenvalues of the energy E m : E 1 ≤ E 2 ≤ . . . ≤ E M and the corresponding set of eigenfunctions Φ(r) ≡ {Φ m (r)} M m=1 is calculated in the space H 2 2 for the SOODE (1). The functions obey the BCs of the first, second or third kind at the boundary points of the interval r ∈ [r min , r max ] and the orthonormalization condition
Thus, to solve the discrete spectrum problem on an axis or semiaxis, the initial problem is approximated by the BVP in the finite interval r ∈ [r min , r max ] with the BCs of the first, second, or third kind with the given R(r t ), dependent or independent of the unknown eigenvalue E, and the set of approximated eigenvalues and eigenfunctions is calculated. 
Reduction to an algebraic problem
where L = pn + 1 is the number of the basis functions N The substitution of the expansion (7) into the variational functional (3) reduces the BVP (1)- (2) to the generalized algebraic problem for the set of the eigenvalues E m and the eigenvectors Φ
Here A is the symmetric stiffness matrix and B is the the positive definite symmetric mass matrix, both having the dimension L × L, where L = κ max (np + 1).
Theoretical estimates of the difference between the exact solution Φ m (z) ∈ H 2 2 and the numerical one Φ h m (r) ∈ H 1 by the norm H 0 evaluate the convergence of the eigenvalues and eigenfunctions of the order 2p and p + 1, respectively 11 :
where h = max 1<j<n h j is the maximal step h j = r j+1 −r j of the mesh (6),
are independent of the step h, the norm H 0 being defined as
In the program KANTBP 4M the integration in each finite element is, generally, performed with the potential V (r) approximated by the interpolation Hermite polynomials (IHPs) with the node multiplicities κ max , which leads to the quadrature formula 10, 11
where V l1;l2;l3 (r min , r max ) are determined by the integrals with IHPs
The obtained expression is exact for polynomial potentials of the order smaller than p. Generally, this decomposition leads to numerical eigenfunctions and eigenvalues with the accuracy of the order about p + 1.
The estimation of the error is carried out using the maximal norm, i.e., the maximal absolute value of the error of the eigenfunctions Φ h m (r) and eigenvalues E h m in the interval r ∈ Ω h (r):
In the program ODPEVP the integrals are calculated using the Gauss integration rule with 2p + 1 nodes and the theoretical estimates (9) hold.
Since the eigenfunctions of the discrete spectrum exponentially decrease, Φ as m (r) ∼ exp(− √ −E m r)/r, at r → +∞, the initial problem is reduced to a BVP for bound state in the finite interval with the Neumann conditions at the boundary points r min and r max of the interval and the normalization condition (5). 
Benchmark problem
The original bound state problem is formulated in the infinite interval r ∈ (0, +∞) for the Schrödinger equation (1) The calculations were performed in the finite interval r ∈ [r min , r max ] with the Neumann boundary conditions (2) on the quasi-uniform mesh Ω = {0(2n g )1(2n g )5(n g )20}, where in parentheses the number of finite elements between two nodes is indicated, the dimension L is expressed in terms of the number n g and the order of LIP p as L = 5n g p + 1.
BERYLLIUM DIATOMIC MOLECULE
In quantum chemical calculations, the effective potentials of interatomic interaction are presented in the form of numerical tables calculated with limited accuracy and defined on a nonuniform mesh of nodes in a finite domain of interatomic distance values. However, for a number of diatomic molecules the asymptotic expressions for the effective potentials can be calculated analytically for sufficiently large distances between the atoms. The equation for the diatomic molecules in a crude adiabatic approximation, commonly referred to as Born-Oppenheimer approximation (BO), has the form
, L is a quantum number of the total angular momentum, 2 /(2Da) = 1.685762920 · 10 −7Å , the reduced mass of beryllium is m=M/2=4.506,r=rÅ, the effective potential isṼ (r) in atomic units aue=0.002194746314Å −1 , the energy isẼ vL cm −1 .
The BVP (1)- (2) was solved for the equation (12) where the variable r is specified in (Å), and the effective potential V (r) = (2mDaÅ 2 aue/ 2 )Ṽ (rÅ)=58664.99239Ṽ (rÅ)Å −2 , and the desired value of energy 8 De is the absolute energy at the dissociation limit in cm −1 , re is the equilibrium internuclear distance inÅ. The 11-th χ10L(r) = rΦ10L(r) (solid curves) 12-th χ11L(r) = rΦ11L(r) (dashed curves) eigenfunctions vs. r of the vibrational-rotational spectrum of beryllium diatomic molecule at L = 0, 1, 2: Ev=10;L=0 = −4.41, Ev=10;L=1 = −4.21, Ev=10;L=2 = −3.82; Ev=11;L=0 = −0.325, Ev=11;L=1 = −0.245 and Ev=11;L=2 = −0.096 (in cm −1 ). 
where Z = r/0.52917. In the subinterval r ∈ [r 46 = 9, r match = 14] we consider the approximation of the potential V (r) by the fourth-order interpolation Hermite polynomial using the values of the potential V (r) at the points r = {r 46 = 9, r 47 = 10, r 48 = 11} and the values of the asymptotic potential V as (r) and its derivative dV as (r)/dr at the point r = r match = 14. This approximation is specified inÅ −2 as REAL*8 FUNCTION VPOT(R) of the variable R in (Å) (see Appendix).
For comparison, Fig. 1 plots the above potential function V (r), its asymptotic expansion V as (r), and the analytical potential functionsṼ an (r) in a.u. proposed in Ref. 7 :
where A = 21.7721, b = 1.2415, d = −4.3224, e = 0.5891, f = 0.0774, Z = r/0.52917, C(6) = 214, C(8) = 10230, C(10) = 504300, C(2i) = (C(2i − 2)/C(2i − 4)) 3 C(2i − 6), i = 6, 7, 8, and r is given inÅ. One can see that the MEMO potential function V (r) has a minimum −D e (FEM)=V (r e ) = 929.804cm −1 at the equilibrium point r e = 2.4534Å and displaces above the analytic potential function V an (r) in the vicinity of this point, −D e (Sheng)=V an (r e )=−948.3cm −1 and the MLR&CPE potential functions 8 −D e (MLR)=934.8, −D e (CPE)=935.0 at r e = 2.445, while the analytical potential function V an (r) is located above the MEMO and MLR&CPE potential functions in the interval r ∈ (3.2, 6.1), i.e. to the left of the interval r ∈ (6.1, ∞), where the considered potentials tend to the dominated asymptotic potential V as (r).
In the calculation presented below, we used the asymptotic expansion V as (r), Eq. (13) with which the matching of the tabulated potential V (r) and the asymptotic potential V as (r) was executed at r = r match = 14 using REAL*8 FUNCTION VPOT(R) of the variable R in (Å) (see Appendix). The BVP (1) was solved on the finite element mesh Ω 1 = {1.50 (n g ) 2.00 (n g ) 2.42 (n g ) 2.50 (n g ) 3.00 (n g ) 3.50 (n g ) 4.00 (n g ) 5.00 (n g ) 6.00 (n g ) 9.00 (n g ) 14.00 (n g ) 19.00 (n g ) 24.00 (n g ) 29.00 (n g ) 38.00 (n g ) 48.00 (6n g ) r max =78.00} with Neumann BCs. In each of the subintervals (except the last one) the potential V (r) was approximated by the LIP of the fifth order, and n g = 4 finite elements were used. The last integrand was divided into 6n g finite elements and the potential V (r) was replaced with its asymptotic expansion. In the solution of the BVP at all finite elements of the mesh the local functions were represented by the fifth-order LIP. Table 1 presents the results of using FEM programs KANTBP 4M and ODPEVP to calculate twelve energy eigenvalues of beryllium diatomic molecule. Note, that our calculation was performed using the program that implements the Numerov method on the mesh (0,100) for twelve levels with the mesh spacing 0.02 with Dirichlet BCs for χ vL (r) = rΦ vL (r), which differs from the FEM results in Table 1 In contrast to the original EMO function, which was used to describe the experimental (Exp) vibrational levels, 4 it has not only the correct dissociation energy, but also describes all twelve vibrational energy levels with the RMS error smaller than 0.4 cm −1 .
The table also shows the results of recent calculation using the Morse long-range (MLR) function and Chebyshev polynomial expansion (CPE) alongside with the EMO potential function.
8
The main attention in the optimization of the MLR and CPE functions was focused on their correct long-range behavior displayed in Fig.  1 . However, there are some problems with the quality of the MLR and CPE potential curves.
3 As a consequence, one can see from the table, that the MLR and CPE results provide a lower estimate while FEM and MEMO results give an upper estimate for the discrete spectrum of the diatomic beryllium molecule. 
CONCLUSION
We present the computational finite element scheme for the solution of the BVP for the SOODE with variable coefficients using the programs KANTBP 4M and ODPEVP. The numerical analysis of the solution of the benchmark eigenvalue problem for the SOODE is given. The discrete energy eigenvalues and eigenfunctions are analyzed for vibrational-rotational states of the diatomic beryllium molecule by solving the eigenvalue problem for the SOODE numerically with the table-valued potential function approximated by interpolation Lagrangian and Hermite polynomials and its asymptotic expansion for large values of the independent variable specified as Fortran function.
The efficacy of the programs is demonstrated by the calculations of twelve eigenenergies of the vibrational bound states of the diatomic beryllium molecule with the required accuracy in comparison with those known from literature, as well as the vibrational-rotational spectrum.
New high accuracy ab initio calculations of the tabulated potential function will be useful for further study of the vibrational-rotational spectrum and scattering problems.
The results and the presented FEM programs with interpolation Hermite polynomials that preserve the derivatives continuity of the approximate solutions can be applied in the analysis of spectra of diatomic molecules and waveguide problems by solving the eigenvalue and scattering problems in the closed-coupled channel method.
